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1 Introduction

This document describes the algorithm theoretical baseline for aerosol retrieval by the Remote Sensing of
Trace Gases and Aerosol Products (RemoTAP) algorithm developed at SRON Netherlands Institute for Space
Research. The RemoTAP algorithm is a flexible algorithm that can be applied to different instruments or
combination of instruments. Here we focus on the application of RemoTAP to the Multi-Angle Polarimetric
(MAP) measurements of the SPEXone instrument [1] onboad the PACE observatory [2], launched February
2024.

According to the Intergovernmental Panel on Climate Change (IPCC) [3] aerosols remain to be the largest
error source in attempts to quantify the radiative forcing of climate. Aerosols affect climate in a direct manner
through interaction with solar radiation and indirectly by changing the micro- and macro-physical properties of
clouds. The main reason for the large uncertainty of the aerosol radiative forcing is our insufficient knowledge
on the global distribution of aerosol properties. Aerosols vary widely in optical and microphysical properties
depending on amongst others their origin (direct emission of e.g. soot, mineral dust, sea salt or secondary
formation of e.g. sulfate, nitrate, ammonium, organic matter from aerosol precursor gases), time in the
atmosphere, and humidity. As a result, many parameters are needed to characterize aerosols, such as size
distribution, refractive index, particle shape, height distribution, Aerosol Optical Depth (AOD), Single Scattering
Albedo(SSA), and scattering phase function. This makes remote sensing measurements of aerosols extremely
challenging. Even for the determination of the AOD knowledge on the other properties is required (scattering
phase function, SSA, which in turn depend on size, refractive index, shape).

1.1 Observational Needs and Requirements

1.1.1 Direct Radiative Effect of Aerosols

The Direct Radiative Effect of Aerosols (DREA) refers to the effect of aerosols on climate through their
interaction with solar radiation and can be either negative (cooling) for aerosols that mainly scatter light but
can also be positive (warming) for absorbing aerosols. To determine the DREA from observations [4, 5, 6]
it is required to know the AOD, SSA, and scattering phase function. In particular the lack of sufficiently
accurate measurements of SSA hampers advances in quantifying the DREA [5], but also more accurate global
measurements of AOD are needed. The DREA depends significantly on the brightness of the reflection below
the aerosol layer (i.e. surface or cloud), as warming by absorbing aerosols mainly occurs over highly reflective
surfaces. Therefore, it is important to retrieve aerosols not only in clear-sky situations but also above clouds.
Finally, the DREA depends on the aerosol layer height, especially for cloudy situations.

In order to determine the anthropogenic contribution of the DREA (i.e. the forcing), and to make predictions
for future climate, it is important to link the direct aerosol effect to specific aerosol sources (e.g. dust, sea salt,
sulfate, organic carbon, black carbon). For this purpose measurements of amongst others the refractive index
are needed (e.g. [7, 8, 9, 10]).

In summary, for the direct forcing quantification the following measurements of aerosol properties are
needed:

• Spectrally Resolved AOD.

• Spectrally Resolved SSA.

• Aerosol Phase Function

• Complex refractive index (aerosol type/composition).

• Aerosol Layer Height

• Aerosol retrievals in clear sky conditions and above clouds.

1.1.2 Indirect Aerosol Radiative Forcing

Aerosols can affect cloud properties in various ways [11, 12, 13]. The first indirect effect, referred to as the
"Twomey effect" or "cloud albedo effect", is the effect that an increase in aerosol concentration causes the
formation of clouds containing a larger number of smaller droplets (due to the presence of more aerosol
particles competing for the same amount of water vapor), which results in a higher reflectivity of the cloud. The
second aerosol indirect effect is the effect that smaller cloud droplets decrease the precipitation efficiency,
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Table 1: Accuracy requirements on aerosol properties from [19] as used for the Glory mission, GCOS,
the ACE study (https://acemission.gsfc.nasa.gov/documents/ACE_Report5_Aerosol_Science_v7.
pdf). The ACE requirements have been used in this study.

Property Glory GCOS ACE
AOD max(0.04, 10 %) max(0.03, 10 %) max(0.02, 5 %)
SSA 0.03 0.03 0.02
re f f max(0.1 µm, 10 %) - 10 %
ve f f max(0.3, 50 %) - 50 %
mr 0.02 - 0.02
N - - 100 %
ALH - 1000 m 500 m

which results in a prolonged cloud lifetime. The semi-direct aerosol effect is the effect whereby absorption
of solar radiation by soot particles or mineral dust warms the atmospheric aerosol layer, which could hinder
cloud formation or cause cloud droplets to evaporate. Aerosols can also affect mixed-phase clouds through
the thermodynamic effect (smaller droplets lead to delay in freezing) and the glaciation indirect effect (more
ice nuclei increase the precipitation efficiency). To quantify the indirect aerosol effects a good proxy for the
concentrations of Cloud Condensation Nuclei (CCN) at cloud base is needed. In many current studies the
AOD is used as proxy for CCN at cloud base but this is not sufficient [14]. To improve on this, information on
aerosol layer height, aerosol type, (dry) size distribution and number concentration/column is needed [15, 16].
Furthermore, information on aerosol absorption is needed for the semi-direct effect.

In summary, the following observational needs for aerosol properties exist to better quantify the aerosol
effects on clouds [14, 17, 18]:

• Aerosol Height

• Aerosol Amount

• Aerosol Size Distribution.

• Refractive index (to compute aerosol water).

• SSA or AAOD.

1.1.3 Requirements

Accuracy requirements for aerosol observations in relation to quantifying aerosol radiative forcing have been for-
mulated in a number of studies. In relation to the Aerosol Polarimetry Sensor (APS) for the NASA Glory mission,
Mishchenko et al. [19] listed requirements on AOD, SSA, effective radius re f f , effective variance ve f f , and the
real part of the refractive index mr. The Global Climate Observing System (GCOS) Essential Climate variables
Data Access Matrix ( https://www.ncdc.noaa.gov/gosic/gcos-essential-climate-variable-ecv-data-access-matrix/
gcos-atmosphere-composition-ecv-aerosols-properties) formulates requirements on AOD, SSA, and
Aerosol Layer Height (ALH). In scientific studies performed in the framework of the NASA Aerosol Cloud and
Ecosystems (ACE) mission requirements have been formulated on AOD, SSA, re f f , ve f f , mr, aerosol number
column N, and ALH. The accuracy requirements are summarized in Table 1. It should be noted that for the
ACE definition study separate requirements have been formulated for column integrated properties (measured
by a polarimeter) and vertically resolved properties. In this document we focus on polarimeter capabilities
and hence on column integrated properties. However, in a mission without lidar it is also useful to have a
requirement on aerosol layer height. Therefore, we interpreted the ACE 500 m vertical resolution requirement
in the boundary layer as a 500 m requirement on ALH and we took the SSA requirement from the vertically
resolved requirements.

1.2 The SPEXone Instrument

SPEXone is a small (6 dm3) MAP instrument [20] developed by a cooperation between SRON, Netherlands
Institute for Space Research and Airbus Defense and Space Netherlands (ADS-NL) with optical expertise

https://acemission.gsfc.nasa.gov/documents/ACE_Report5_Aerosol_Science_v7.pdf
https://acemission.gsfc.nasa.gov/documents/ACE_Report5_Aerosol_Science_v7.pdf
https://www.ncdc.noaa.gov/gosic/gcos-essential-climate-variable-ecv-data-access-matrix/ gcos-atmosphere-composition-ecv-aerosols-properties
https://www.ncdc.noaa.gov/gosic/gcos-essential-climate-variable-ecv-data-access-matrix/ gcos-atmosphere-composition-ecv-aerosols-properties
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Figure 1: SPEXone building blocks along the signal path; five-viewing angle telescope assembly, polarization
modulation optics module, spectrometer module projecting two orthogonal polarized spectra per viewing
direction, detector module that records the ten spectra and instrument control unit.

from TNO. Like the SPEX airborne instrument, it employs the spectral polarization modulation technique for
highly accurate measurements of the Degree of Linear Polarization (DoLP). Unlike other MAP instruments,
SPEXone is a spectrometer, i.e. it measures a continuous spectrum instead of discrete spectral bands. The
main specifications of SPEXone are listed in Table 2.

A schematic overview of SPEXone is given in Fig. 1. A compact three-mirror segmented telescope assembly
(subject to a SRON patent) gathers light from 0o, ±20o and ±50o (at satellite level) and directs the light towards
a common entrance slit of a spectrometer. There are several optical components before and after the slit that
together form the polarization modulation optics (PMO). The PMO encode the state of linear polarization in
the intensity spectrum as a sinusoidal modulation. The polarizing beam splitter in the PMO results in two
complementary light beams

I±(λ ) =
Iin(λ )

2

[
1±P(λ )cos

(
2πδ (λ )

λ
+2φ(λ )

)]
, (1)

where Iin is the intensity of the incoming light on the instrument, P the DoLP, φ the Angle of Linear
Polarization (AoLP), λ is wavelength, and δ is the instrumental retardance. By combining I+ and I−, Iin can be
determined at spectrometer resolution and the DoLP and AoLP at a resolution determined by the modulation
width [21]. I+ and I− both enter the spectrometer and are focused onto the detector as two pairs of five spectral
images, as shown in Figure 1.

The spectrometer is based on Dutch heritage with the Sentinel-5 precursor Tropomi instrument [22] and
the derived compact version Spectrolite [23]. The focal plane assembly is a detector module from 3Dplus that
is equipped with a 2k x 2k CMOSIS CMV4000 CMOS image sensor, a Microsemi Field Programmable Gate
Array (FPGA), Synchronous Dynamic Random-Access Memory (SDRAM), and FLASH memory. This detector
module enables image acquisition and processing with a high level of flexibility. In SPEXone advanced binning
and co-addition capabilities are implemented. Multi-angle polarimetry for atmospheric aerosol characterization
requires the ability to re-grid data from all viewing angles onto a common spatial grid. Therefore we require
Nyquist sampling of the ground scene in both along-track (ALT) and across-track (ACT) directions. SPEXone
has optimized telescopes for each viewing angle, such that for all viewing angles a 100 km swath (ACT
direction) is imaged onto the detector with a spatial resolution close to 5.4 km onto the detector at a Spatial
Sampling Distance (SSD) of 2.7 km. In the ALT direction, Nyquist sampling is achieved by performing two
image acquisitions per 4.6 km sub-satellite point movement, while ensuring that the effective ALT spatial
resolution (which includes the instantenous field of view of the slit projection and motion smear) is close to 4.6
km.

1.3 The RemoTAP algorithm

There are currently a number of aerosol retrieval algorithms available based on the use of multi-angle and
multispectral measurements of intensity and polarization. These algorithms can be divided in two main
groups: approaches based on lookup tables (LUTs) and full inversion approaches. Generally speaking, LUT
approaches are faster but less accurate than full inversion approaches because LUT approaches choose the
best fitting aerosol model from a discrete LUT. Full inversion approaches are more accurate but slower because
they require radiative transfer (RT) calculations as part of the retrieval procedure. The LUT algorithms are,
for example, the Laboratoire d’optique atmosphérique (LOA) LUT algorithm over ocean [24], the LOA LUT
algorithm over land [25, 26], and the SSA LUT algorithm [27]. The full inversion algorithms are, for example, the
Generalized Retrieval of Aerosol and Surface Properties (GRASP) algorithm [28], the SRON aerosol algorithm
[29, 30], the Jet Propulsion Laboratory (JPL) algorithm [31], the Goddard Institute for Space Studies (GISS)
algorithm [32], the microphysical aerosol properties from polarimetry (MAPP) algorithm [33], and the MAPOL
algorithm [34, 35]. In addition, some additional aerosol retrieval approaches can be found in [36], [37], [38],
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Table 2: Specifications of the SPEXone instrument on the NASA PACE mission. Note that the term systematic
is used to indicate all error sources other than pure noise (e.g. calibration errors, stray-light, temperature
sensitivity. SNR is defined at the spectral resolution of the DoLP.

Parameter Specification

Spectral Range 385-770 nm
Spectral bands intensity 400 bands between 385-770 nm
Spectral resolution DoLP 50 bands between 385-770 nm
Viewing angles (on ground) ±57o, ±20o, 0o

Spatial resolution (all angles) 5.2 × 5.2 km2

DoLP systematic error 0.003
Radiometric systematic error 2 %
SNR for ocean scene at SZA = 70o 300

and [39]. It should be noted that of the full inversion approaches only the SRON aerosol algorithm and the
GRASP algorithm have been applied at a global scale.

RemoTAP represents a further development of the SRON algorithm mentioned above, which has been
applied to POLDER satellite measurements [29, 40, 41, 4, 1, 42, 43], airborne measurements of the Research
Scanning Polarimeter (RSP) [44, 45, 46, 47], airMSPI [47] and SPEX airborne [47, 48]. Recently, the code
has been extended with the capability to retrieve trace gas columns simultaneosuly with aerosols [49, 50].
RemoTAP can be applied to a single instrument (MAP or spectrometer) or to a combination of different
instruments. For the PACE mission, the latter capability is useful for combining SPEXone, HARP2, and OCI
measurements in a synergetic retrieval.

The document is organized as follows. Section 2 describes the algorithm in detail, including the forward
model (model atmosphere and optical properties, surface and ocean models, radiative transfer and inversion
approach (regularization, iteration, 1st guess). Section 2.2.1 describes the detailed algorithm setup and flow of
the retrievals, section 3 describes a detailed performance analysis based on realistic synthetic measurements,
and section 4 discusses the feasibility of the algorithm.

2 Algorithm description

The previous section provided an outline of the RemoTAP algorithm, which is described in detail in this section.

2.1 Full-physics retrieval

Before we discuss the full-physics retrieval, we reflect upon general aspects related to inversions. Any retrieval
algorithm aims at inferring an atmospheric state vector x from a measurement vector y. The state vector is
linked to the measurement vector through a forward model F(x,b) that depends on the state vector x and the
vector b containing ancillary parameters that are not retrieved,

y = F(x,b)+ ey (2)

where ey represents the measurement error vector. In our case the measurement vector may consist of multi-
spectral, multi-angle measurements of intensity and state of polarization performed by the MAP instrument
and/or multi-spectral single-viewing-angle measurements in trace-gas absorption bands performed by the
CO2I spectrometer. In the following, we will omit the dependence of F on b.

For the retrieval procedure it is needed that the non-linear forward model is linearized so that the retrieval
problem can be solved iteratively. For iteration step n the forward model is approximated by

F(x)≈ F(xn)+K [x−xn] (3)

where xn is the state vector for the current iteration step, and K is the Jacobian matrix with elements

Ki j =
∂Fi

∂x j
(xn). (4)
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Below, we will describe the algorithm for full-physics retrieval in more detail and will address the simpler
non-scattering retrieval in the next section.

2.1.1 Forward Model

The radiance and state of polarization of light at a given wavelength can be described by an intensity vector I
which has the Stokes parameters I,Q,U,V as its components [51]:

I = [I,Q,U,V ]T . (5)

Here, T indicates the transposed vector, and the Stokes parameters are defined with respect to a certain
reference plane. Here, we will use the local meridian plane as reference plane. The angular dependence of
single scattering of polarized light can be described by means of the scattering phase matrix P. We will restrict
ourselves to scattering phase matrices of the form

P(Θ) =


p1(Θ) p5(Θ) 0 0
p5(Θ) p2(Θ) 0 0

0 0 p3(Θ) p6(Θ)

0 0 −p6(Θ) p4(Θ)

 . (6)

where p1, p2, ..., p6 are certain functions of scattering angle Θ, i.e. the angle between the incoming and
scattered beams, and the scattering plane is the plane of reference. This type of scattering matrix is valid for
[52] (i) scattering by an assembly of randomly oriented particles each having a plane of symmetry, (ii) scattering
by an assembly containing particles and their mirror particles in equal numbers and with random orientations,
(iii) Rayleigh scattering with or without depolarization effects. In this work, we ignore Stokes parameter V , and
the corresponding elements p4 and p6 of the scattering phase matrix, because it is very small and there are no
indications it is useful for aerosol retrieval.

In general, the forward model should simulate the Stokes parameters I,Q, and U for different spectral
bands/pixels and viewing angles. For a given spectral measurement in band/pixel i the forward model should
simulate

Ē(λi) =
∫

λend

λstart
dλ searth,i(λ )E(λ ) ≈

N∆λ

∑
l=1

∆λlsearth,i(λl)E(λl) , (7)

where E represents either I, Q, or U , searth is the Instrumental Spectral Response Function (ISRF), λi is the
wavelength assigned to spectral measurement i, and N∆λ is a suitable number of wavelength bins to discretize
the domain of integration [λstart,λend].

If the dependence of E on λ is weak within the spectral range of the ISRF (e.g. at continuum wavelengths
or for spectrally smooth absorbing trace gases), we can approximate Eq. (7) by

Ē(λi) = E(λi) , (8)

In any case (Eq. 7 or Eq. 8) we need a Radiative Transfer (RT) model to compute I(λ ), Q(λ ), and U(λ ) for
a given model atmosphere.

2.1.2 Model Atmosphere and Optical Properties

For the forward model calculations, the model atmosphere is discretized in a number NRT of homogeneous
vertical layers, provided as input as a fixed number of altitude levels zlev above the surface in the atmosphere. In
the standard setup we use 24 vertical layers (2 km spacing between 0-20 km, 4 km spacing between 20-36 km,
1 layer above 36 km). First, we determine the pressure at these altitude levels by linear interpolation of the
input pressure profile pmet as a function of altitude zmet from a meteorological data source (ECMWF, or CAMS),
to the forward model levels zlev + zsurf, where zsurf is the surface height from a Digital Elevation Map (DEM).

Each layer in the model atmosphere is characterized by the scattering optical thickness, absorption optical
thickness, and scattering phase function, determined by molecules and aerosols in the atmosphere. The
molecular (Rayleigh) scattering optical thickness for layer k and at wavelength λ is given by

τsca,mol,k(λ ) = σray(λ ) Nair,k (9)
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where the sub-column of dry air in layer k is denoted with

Nair,k =
(plev,k+1 − plev,k) NA

Mair gk

(
1+ rwater,k

ρrel

) . (10)

Here, plev,k+1 and plev,k denote the air pressure at the lower and upper layer boundaries, respectively, NA is
Avogado’s number, M is the molecular mass of air, gk is the gravity constant in altitude layer k, rwater,k is the dry
air volumn mixing ratio of water at layer k, and ρrel = 1.60855 is the mass of air relative to the mass of water
[53]. Further, σray is the Rayleigh scattering cross section given by [54]

σray (λ ) = Aray λ
−(4+X) (11)

X = Bray λ +
Cray

λ
−Dray (12)

with Aray = 4.02 ·10−28 cm2, Bray = 0.389 µm−1, Cray = 0.04926 µm, and Dray = 0.3228. The relevant elements
of the Rayleigh scattering phase matrix (Eq. 6) are given by (e.g. [55])

p1,ray (Θ) =
3
4
(
1+ cos2

Θ
) 1−δ

1+δ/2
(13)

p2,ray (Θ) =
3
4
(
1+ cos2

Θ
)

(14)

p3,ray (Θ) =
3
2

cosΘ (15)

p5,ray (Θ) =−3
4

sin2
Θ (16)

where Θ is the scattering angle. The depolarization ratio δ varies with wavelength and accounts for the
anisotropy of the air molecule [54]. δ varies between 0.03178 at 300 nm and 0.0274 at 1000 nm.

The molecular absorption optical depth is first calculated per absorber ( j) and per discretized atmospheric
layer (k). To account for the temperature and pressure dependence of the molecular absorptions within a model
layer, we divide each model layer k in Nsub,k sublayers, such that the pressure thickness ∆Pis of the sublayer <
10 hPa. The molecular absorption optical depth for layer k and absorber j is given by:

τabs,k,j (λ ) =

Nsub,k

∑
is=1

σ j (pis,Tis,λ ) Ngas,k, j
∆pis

∆pk
. (17)

with the absorption cross-section σ j(pis,Tis,λ ) of molecule j at wavelength λ , pressure pis and temperature
Tis at the center of sublayer is of atmospheric layer k, ∆pis is the pressure thickness of sub-layer is and ∆pk of
model layer k. Further, Ngas,k, j is the sub-column of absorber j in layer k, given by

Ngas,k, j = rgas,k, j Nair,k (18)

where rgas,k, j is the dry air mixing ratio of gas j in layer k. The total molecular absorption optical depth for
model layer k is then given by

τabs,mol,k(λ ) = ∑
j

τabs,k,j (λ ) . (19)

The model atmosphere also includes aerosols. The aerosol scattering optical thickness τsca,aer,k and
absorption optical thickness τabs,aer,k are calculated for each layer k

τsca,aer,k =
Nmodes

∑
i=1

σsca,aer,i Naer,k,i (20)

τabs,aer,k =
Nmodes

∑
i=1

σabs,aer,i Naer,k,i (21)

(22)

where Nmodes is the number of size modes that describe the aerosol size distribution (see below), Naer,k,i is
the aerosol number sub-column of mode i in layer k and σsca,aer,i and σabs,aer,i are the aerosol scattering and
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absorption cross-sections for mode i, respectively. Here, we assume that σsca,aer,i and σabs,aer,i are altitude
independent.

They are obtained by:

σsca,aer,i =
Nbins

∑
j=1

(
fsph,i Ksph,sca,j (mi)+(1− fsph,i) Kel,sca,j (mi)

)
r j naer,i (r j) v(r j) (23)

Ksph/el,sca,j (mi) =
∫

∆ lnr j

Csph/el,sca (r,mi)

v(r)
d lnr , (24)

where naer,i is the aerosol number size distribution of mode i, v denotes particle volume and Csph,sca and Cel,sca
are the scattering cross sections of a spherical and ellipsoidal particle, respectively, of radius r and mode
refractive index mi, where for ellipsoidal particles the aspect ration distribution of Dubovik et al. [56] has been
used. The relative contribution of spherical and ellipsoidal particles is determined by the parameter fsph,i. The
kernels Ksph/el,scat,j are pre-calculated for Nbins size bins with representative radius r j, j = 1, · · · ,Nbins according
to Dubovik et al. [56] and are stored in a lookup table as a function of aerosol size parameter x = 2πr/λ , and
the real and imaginary part of the complex refractive index m. The values for the actual aerosol real- and
imaginary refractive index are obtained by linear interpolation from the tabulated values. Similar expressions
hold for the absorption cross-section and the elements of the aerosol scattering phase matrix Paer.

In addition to the aerosol modes, the model atmosphere also contains a cirrus cloud with cirrus scattering
optical thickness τsca,cir,k and absorption optical thickness τabs,cir,k in layer k

τsca,cir,k = σsca,cir Ncir,k (25)

τabs,cir,k = σabs,cir Ncir,k (26)

where Ncir,k is the cirrus number sub-column in layer k and σsca,cir and σabs,cir are the cirrus scattering and
absorption cross-sections. σsca,cir and σabs,cir, as well as the elements of the cirrus scattering phase matrix Pcir,
are obtained from a LUT, according to van Diedenhoven et al. [57], which stores the cirrus optical properties
computed using the geometrics optics approximation for a cirrus ice crystal that are described as single
hexagonal crystals with varying size (reff,cir), aspect ratio (αcir), and surface roughness (δcir). The optical
properties (σsca,cir, σabs,cir, Pcir) for a given combination of reff,cir, αcir, and δcir are then obtained by linear
interpolation from the tabulated values.

Finally, the total optical properties per layer in the model atmosphere are obtained by combining the
contribution of molecules, aerosols, and cirrus:

τabs,k = τabs,mol,k + τabs,aer,kτabs,cir,k (27)

τsca,k = τsca,mol,k + τsca,aer,k + τsca,cir,k (28)

Pk(Θ) =
τsca,mol,kPmol(Θ)+ τsca,aer,kPaer + τsca,cir,kPcir (Θ)

τsca,k
. (29)

For radiative transfer calculations, the scattering matrix Pk(Θ) has to be transformed from the scattering
plane to the local meridian plane

Zk(λ ,µin,µout,∆ϕ) = L2 Pk(Θ) L1 (30)

with

L2 =


1 0 0 0
0 cos2i2 −sin2i2 0
0 sin2i2 cos2i2 0
0 0 0 0

 . (31)

and

L1 =


1 0 0 0
0 cos2i1 −sin2i1 0
0 sin2i1 cos2i1 0
0 0 0 0

 . (32)
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The rotation angles i1 and i2 are given by

cos i1 =
µout(1−µ2

in)
1/2 −µin(1−µ2

out)
1/2 cos∆ϕ

(1− cos2 Θ)1/2 (33)

cos i1 =
µin(1−µ2

out)
1/2 −µout(1−µ2

in)
1/2 cos∆ϕ

(1− cos2 Θ)1/2 (34)

(35)

where µin and µout are respectively the cosines of incoming and outgoing angles θin and θout, and ∆ϕ is the
relative azimuth angle.

For multiple scattering calculations, the scattering phase matrix is expanded in a Fourier series

Zk(µin,µout,∆ϕ) =
1
2

∞

∑
m=0

(2−δm0)
[
B+m(∆ϕ)Zm

k (µin,µout)(E+ΛΛΛ)+

B−m(∆ϕ)Zm
k (µin,µout)(E−ΛΛΛ)

]
, (36)

where
ΛΛΛ = diag [1,1,−1,−1] . (37)

and

B+m(∆ϕ) = diag[cosm∆ϕ,cosm∆ϕ,sinm∆ϕ,sinm∆ϕ] (38)

B−m(∆ϕ) = diag[−sinm∆ϕ,−sinm∆ϕ,cosm∆ϕ,cosm∆ϕ]. (39)

The m-th Fourier coefficient of the phase matrix can be calculated by

Zm(µin,µout) = (−1)m
L

∑
l=m

Pl
m(−µout) Sl(z) Pl

m(−µin), (40)

where L is a suitable truncation index [58] and Pl
m is the generalized spherical function matrix given by

Pm
l (µ) =


Pl

m0(µ) 0 0 0
0 Pl

m+(µ) Pl
m−(µ) 0

0 Pl
m−(µ) Pl

m+(µ) 0
0 0 0 Pl

m0(µ)

 (41)

where
Pl

m± =
1
2

(
Pl

m,−2 ±Pl
m,2

)
(42)

and Pl
mn(µ) are the generalized spherical functions [59], which were introduced in atmospheric radiative transfer

by [60]. Sl is the expansion coefficient matrix having the form

Sl =


β l

1 β l
5 0 0

β l
5 β l

2 0 0
0 0 β l

3 β l
6

0 0 −β l
6 β l

4

 , (43)
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where the expansion coefficients follow from the scattering phase matrix P in Eq. (6) (see e.g. [61]):

β
l
1 =

2l +1
2

∫ 1

−1
Pl

0,0(cosθ)p1(θ) d(cosθ), (44)

β
l
2 +β

l
3 = −2l +1

2

√
(l −2)!
(l +2)!

∫ 1

−1
Pl

2,2(cosθ)(p2(θ)+ p3(θ))d(cosθ), (45)

β
l
2 −β

l
3 = −2l +1

2

√
(l −2)!
(l +2)!

∫ 1

−1
Pl

2,−2(cosθ)(p2(θ)+ p3(θ))d(cosθ), (46)

β
l
4 =

2l +1
2

∫ 1

−1
Pl

0,0(cosθ)p4(θ) d(cosθ), (47)

β
l
5 =

2l +1
2

∫ 1

−1
Pl

0,2(cosθ)p5(θ) d(cosθ), (48)

β
l
6 =

2l +1
2

∫ 1

−1
Pl

0,2(cosθ)p6(θ) d(cosθ). (49)

The vertically integrated absorption and scattering optical thickness τabs and τsca are the respective sums
over all NRT layers. Other derived variables are the total (extinction) optical thickness τk = τsca,k + τabs,k and
τ = τsca + τabs, and the single scattering albedo ωk = τsca,k/τk.

From the equations above, it is clear that in order to compute the optical properties of the model atmosphere,
we need in the different layers of the model atmosphere the aerosol size distribution naer (ri), aerosol number
sub-column Nk, the fraction of spherical aerosol fsphere, as well as the sub-column Ngas,k, j of the j dif ferent
trace gases. Additionally, we need the atmospheric pressure and temperature profile.

Concerning the aerosol parameters, the aerosol size distribution naer,i(r) for mode i is either described by a
log-normal function or power law. The log-normal size distribution is written as:

naer(r) =
1√

2π σg r
exp
[
−(lnr− lnrg)

2/(2σ
2
g )
]
, (50)

where r is radius (or radius of a volume equivalent sphere), rg is the median radius and σg is the standard
deviation. Instead of rg and σg we use the effective radius re f f and effective variance ve f f because they are
less dependent on the actual shape of the size distribution [55]. re f f and ve f f are related to rg and σg by:

σ
2
g = ln(1+ ve f f ) (51)

rg = re f f /(1+ ve f f )
5/2. (52)

The power-law function is given by

naer (r) =


C for r ≤ r1

C
(

r
r1

)−p
for r1 < r ≤ r2

0 for r > r2

(53)

where C is a scaling constant and the exponent p specifies the decrease of naer with particle size. The cut-offs
are r1 =0.1 µm, r2 = 10 µm and the constant C is determined from normalization of the size distribution.

The number sub-column Naer,k,i (see Eqs. 20 and 21) for layer k and mode i is parameterized through the
total column of aerosol particles, Naer,i for mode i, and a normalized Gaussian altitude distribution with center
height zaer and width w0. Hence, for model layer k with a layer height zk, and thickness ∆zk:

Naer,k,i = Naer,iBexp

[
− ln2(zk − zaer)

2

w2
0

]
∆zk, (54)

where Naer,i is the aerosol column number for mode i and B is the normalization constant of the Gaussian. A
similar expression holds for the number sub-column Ncir,k of cirrus particles.

The spectrally dependent refractive index m(λ ) per mode is parameterized by

m(λ ) =
nα

∑
k=1

αk mk(λ ) (55)
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Table 3: Definition of the effective radius (reff) and the effective variance (veff) for the multi-mode (M-1 to M-10)
retrievals.

M-1 M-2 M-3 M-4 M-5 M-6 M-7 M8 M-9 M-10

reff (µm) 0.070 0.094 0.130 0.163 0.220 0.282 0.882 1.2 1.759 3.0
veff 0.130 0.130 0.130 0.130 0.130 0.130 0.284 1.0 1.718 1.718

where mk(λ ) are prescribed functions of wavelength, for which we use standard refractive index spectra for
different aerosol components, i.e. Dust (DU) [62], Inorganic/Sulphate (INORG) and Black Carbon (BC) [63],
and Organic Carbon (OC) [64].

The aerosol parameters to be included in the retrieval state vector are specified by the user in a retrieval
initialization file. Here, we consider 4 different setups:

1. Parametric 2-mode retrievals where the size distribution is described by 2 log-normal modes (i.e.
Nmodes = 2). For both modes the state vector includes re f f , ve f f , Naer and fsph. For the mode with smallest
particles, referred to as fine mode, the refractive index coefficients αk are included in the state vector.
These correspond to the standard refractive index spectra INORG, BC, OC. For the mode with largest
particles, referred to as coarse mode, the αk corresponding to INORG and DU. Further, one value for zaer
is included which is assumed to be the same for both modes. w0 is fixed at 2000 m.

2. Parametric 3-mode retrievals where the size distribution is described by 3 log-normal modes (i.e.
Nmodes = 3), with one fine mode and 2 coarse modes (soluble and insoluble). For the fine mode the state
vector includes re f f , ve f f , Naer and fsph and the refractive index coefficients αk that correspond to the
standard refractive index spectra INORG, BC, OC. The coarse insouble mode consists of non-spherical
dust. for this mode the state vector includes re f f , Naer, and a coefficient for the imaginary part of the
DU refractive index. The fixed parameters are fsph = 0, ve f f = 0.6, αk = 1 for the DU real part refractive
index. One value for zaer is included which is assumed to be the same for modes 1 and 2. w0 is fixed
at 2000 m. The 3rd mode is a coarse soluble mode. For this mode the state vector includes re f f , Naer,
and coefficient αk of the INORG refractive index spectrum. The fixed parameters are fsph = 1, ve f f = 0.6,
and zaer=0.5 km.

3. Multi-mode retrievals where the size distribution is described by a combination of Nobs ≤ 10 log-normal
modes. For each mode Naer is included in the state vector while re f f , ve f f are fixed to (a selection of)
the values in Table 3. Here, mode 1-6 are considered as fine modes and 7-10 as coarse modes. The
state vector includes one value for fsph for all fine modes and one value for all coarse modes and for the
fine mode refractive index (i.e. assumed the same for all fine modes) it includes the coefficients αk that
correspond to the standard refractive index spectra INORG, BC, OC, and for the coarse mode refractive
index (i.e. assumed the same for all coarse modes) the coefficients corresponding to INORG and DU.
Further, one value for zaer is included which is assumed to be the same for all modes, i.e. all modes have
the same vertical distribution. w0 is fixed at 2000 m.

4. Power-law retrievals where the aerosol size distribution is described by a single power-law mode. Here,
Naer and power p are included in the state vector. The refractive index is fixed by 1.4− 0.003i for all
spectral bands. Further, zaer is included in the state vector and w0 is fixed at 2000 m.

Setup 1 and 2 are used for retrievals where MAP measurements are available, i.e. MAP-only or
MAP+spectrometer retrievals, while setup 3 is being used when only spectrometer measurements are available.
Note that this setup is very similar to the RemoTeC setup [65, 66]. For all aerosol setups there is the option
to add a mode cirrus particles with Ncir, reff,cir, αcir, and δcir, and zcir as state vector elements and w0 fixed at
2000 m.

The sub-columns Ngas,k, j of the j different trace gases in layer k of the model atmosphere are given by

Ngas,k, j = c j Nstd,k, j, (56)

where Nstd,k, j is the sub-column for trace gas j corresponding to an a priori vertical profile and c j is the
corresponding scaling factor. The O2 vertical profile follows from the pressure profile. For MAP-only retrievals
we fix the scaling factors c j to 1.0, i.e. their atmospheric abundance is fixed to the a priori value through out
the retrieval, while for MAP+spectrometer and spectrometer-only retrievals we include the scaling factors c j
corresponding to CO2, CH4, and H2O in the retrieval state vector.
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For O2, the scaling factor co2 is used for surface pressure retrieval and therefore is related to the the
sub-column at the bottom layer, as in Eq. 57.

Nk,o2 =

{
co2Nstd,k,o2 for k = NRT,

Nstd,k,o2 for k < NRT.
(57)

2.1.3 Land Surface Reflection Matrix

For retrievals over land, the surface reflection matrix is written as

Rs(λ ,θin,θout,∆ϕ) = r11(λ ,θin,θout,∆ϕ) D+Rpol, (58)

where D is the null matrix except D11 = 1. For the Bi-Directional Reflection function (BDRF) r11(λ ,ϑin,ϑout,∆ϕ)
we have 2 options implemented. The first option is the Ross-Li BDRF model given by:

r11(λ ,θin,θout,∆ϕ) = A(λ )
(
1+ kgeo fgeo(θin,θout,∆ϕ)+ kvol fvol(θin,θout,∆ϕ)+ ksnow fsnow(θin,θout,∆ϕ)

)
(59)

where fgeo and fvol are respectively the geometric (Li-Sparse) and volumetric (Ross-Thick) kernel [67, and
references therein]. They are given by

fvol(θin,θout,∆ϕ) =
(π/2− γ)cosγ + sinγ

cosθin + cosθout
− π

4
(60)

fgeo(θin,θout,∆ϕ) = O(θ ′
in,θ

′
out,∆ϕ)− secθ

′
out − secθ

′
in +

1
2
(1− cosΘ

′) secθ
′
out secθ

′
in (61)

O =
1
π
(t − sin t cos t)(secθ

′
out +θ

′
in) (62)

cos t =
h
b

√
D2 +(tanθ ′

in tanθ ′
out sin∆φ)2

secθ ′
out + secθ ′

in
(63)

D =
√

tan2 θ ′
in + tan2 θ ′

out −2 tanθ ′
in tanθ ′

out cos∆φ (64)

cosΘ
′ = −cosθ

′
in cosθ

′
out − sinθ

′
in sinθ

′
out cos∆φ (65)

θ
′
out = tan−1

(
b
r

tan |θout|
)
, (66)

θ
′
in = tan−1

(
b
r

tan |θin|
)
. (67)

Numerically, the absolute value of the RHS of Eq. (63) can exceed 1. In this case we set cos t = 0. The
volumetric kernel represents the scattering within a dense vegetation canopy, and is based on a radiative
transfer approximation of single scattering due to small, uniformly distributed and non-absorbing leaves. The
angular behavior of this kernel is to have a minimum near the backscatter direction and bright limbs [68]. The
geometric kernel represents surfaces with larger gaps between objects, and thus accounts for self shadowing.
The angular behavior of this kernel is therefore to have a maximum at backscattering where there are no
shadows. fgeo is based on the work of [67, 69], but is used in the reciprocal form given in [70], for the case that
the ratio of the height of the tree at the center of the crown to the vertical crown radius, h/b = 2, and the ratio
of the vertical crown radius to the horizontal crown radius is (spherical, or compact crowns) b/r = 1.

The snow kernel function fsnow is given by [71]:

fsnow(θin,θout ,∆ϕ) = R0(θin,θout ,∆ϕ)
[
1−α · cos(π −Θ) · e−cos(π−Θ)

]
+0.4076 ·α −1.1081, (68)

where R0(θin,θout ,∆ϕ) is the reflectance for a semi-infinite, non-absorbing snow layer at zero absorption and
α is an empirical parameter used to correct R0(θin,θout ,∆ϕ) for the underestimation of the reflectance in the
forward-scattering direction. R0(θin,θout ,∆ϕ) is given by [72]:

R0(θin,θout ,∆ϕ) =
K1 +K2 · (cosθin + cosθout)+K3 · cosθin · cosθout +P(Θ)

4(cosθin + cosθout)
(69)

with
P(Θ) = 11.1 · e−0.087·Θ +1.1 · e−0.014·Θ (70)
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where K1, K2, and K3 are three constants. In our algorithm, α = 0.3, K1 = 1.247, K2 = 1.186, and K3 = 5.157
are fixed when calculating the snow kernel, as suggested by [71].

The second option is the Rahman-Pinkty-Verstraete (RPV) model [73, 74, 31]:

r11(λ ,θin,θout,∆ϕ) = A(λ )
(

(µin µout)
k−1

(µin +µout)1−k F(g,Θ)[1+R(G)]

)
(71)

µin and µout are respectively the cosines of incoming and outgoing angles θin and θout . g is the asymmetry
parameter of the Henyey-Greenstein phase function F(g,Θ). Θ is the scattering angle. 1+R(G) is an
approximation of the hot spot effect [73], where

G =
√

tan2θ0 + tan2θv −2tanθin tan |θout |cos∆ϕ (72)

and R(G) = 1−A(λ )
1+G .

In Eq. (58) Rpol is given by [75]

Rpol(θin,θout,∆ϕ) = Bpol

(
exp
(
−tan(π−Θ

2 )
)

exp(−ν) Fp(m,Θ)

4(µin +µout)

)
+ kwaterRwater(θin,θout,∆ϕ,vwind). (73)

Here, Bpol is a scaling parameter (band-independent). Fp(m,Θ) is the the Fresnel scattering matrix with
refractive index m = 1.5. We use ν =0.1 [74]. Rwater is the reflection matrix for a rough water surface,
depending on the wind speed vwind to provide a Gaussian distribution of surface slopes [76], representing
inland water. The inland water contribution is scaled using the coefficient kwater.

The parameters included in the state vector are fgeo and fvol when using the Ross-Li model and and k, g
when using the RPV model. Further, we include Bpol, assumed spectrally neutral, and for A(λ ) we retrieve
one value for each MAP band. For spectrometer windows we describe the spectral dependence A(λ ) within a
spectrometer window as a polynomial

A(λ ) =
I

∑
i=0

ai (λ −λ0)
i, (74)

where λ0 is a reference wavelength chosen as the first wavelength of the spectral window. We include the
polynomial coefficients ai in the state vector.

2.1.4 Ocean Reflection Matrix

For retrievals over ocean, we describe the ocean reflection matrix as

Rs(λ ,θin,θout,∆ϕ) = R f rn(θin,θout,∆ϕ)+Rul(λ ,θin,θout,∆ϕ)+A(λ ) D (75)

where R f rn is the contribution of the ocean surface, which is described by Fresnel reflection on a rough ocean
surface similar as the in-land water contribution, but now with the option to depend on both the wind speed-
and direction [76]. Rul is the ocean body (underlight) contribution. For the ocean body, we need a bio-optical
model to compute optical properties of the ocean from bio-physical ocean parameters. We used the bio-optical
model of Chowdhary et al. [77] for case-2 waters (open ocean) that has the chlorophyll-a concentration xchl as
the only bio-physical ocean parameter to compute the ocean optical properties (single scattering albedo, phase
matrix). Using the hydrosol model of Chowdhary et al. [77], the ocean is described as a mixture of sea-water
and a particulate component. The scattering and absorption coefficients of sea-water are taken from Smith and
Baker [78], while the optical properties of the particulate components were calculated using detritus–plankton
(D–P) mixtures. The particulates were assumed to be spherical, so the scattering phase matrix could be
obtained using Mie calculations. The relative contribution of detritus and plankton are parameterized by Xchl.
Here it should be noted that the underlight contribution is insensitive to the optical depth of ocean when the
ocean optical thickness is larger than 10. In this study, we set the ocean optical depth to 20 and assumed a
black ocean bottom surface. This ocean surface/body system was being solved by a vector radiative transfer
model [79, 80]. However, this model is computationally expensive because of the large ocean optical thickness.
Therefore, a Neural Network (NN) has been designed to simulate (Fourier coefficients of) the ocean body
contribution to the reflection matrix just above the ocean surface [48], with as input the oceanic chlorophyll-a
concentration. Finally, A(λ ) in Eq. (75) is a wavelength dependent Lambertian albedo term that accounts for
oceanic foam but may also correct for errors in Rul . Ws, Xchl, and A(λ ) for the different spectral bands are
included in the state vector.
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2.1.5 Radiative transfer model

Having defined the relation between atmospheric/surface properties and optical properties for the different
layers of the model atmosphere, the next step is to solve the RT equation for the given optical properties.
The radiative transfer model comprises two contributions, single and multiple scattering contribution of the
backscattered radiances Iss and Ims, respectively:

I = Iss + Ims (76)

Here, each component is simulated separately.
Before computing Iss and Ims, we first apply the delta-M correction [81]:

Z∗
ij,k = Zij,k/(1− fk) (77)

S∗l
ij,k =

(
Sl

ij,k −δij fk (2l +1)
)
/(1− fk) (78)

τ
∗
sca,k = τsca,k (1− fk) (79)

τ
∗
k = τ

∗
sca,k + τabs,k (80)

ω
∗
k = τ

∗
sca,k/τ

∗
k (81)

where i and j denote the matrix element of Z or S in Eq. (30) and 43, respectively and

fk = SNstr
11,k/(2Nstr +1) (82)

with Nstr being the number of streams used in the multiple scattering calculations.
For a given wavelength, the computation of Iss is straight forward:

Iss =
µ̃

4πµv

NRT

∑
k=1

{
ω

∗
k

[
1− e−τ∗k /µ̃

]
e−τ

∗k−1
1 /µ̃ Z∗

kF0

}
+

µ0

π
eτ∗/µ̃ RsF0 (83)

where µ0 is the cosine of the solar zenith angle, µv is the cosine of the viewing zenith angle, 1
µ̃
= 1

µ0
+ 1

µv
. Rs is

the surface reflection matrix of Eq. (58) and

τ
∗k2
k1

=
k2

∑
k=k1

τ
∗
k . (84)

The incoming solar irradiance vector F0 = [F0,0,0]
T , F0 being the solar flux per unit area perpendicular to the

direction of the solar beam.
The derivatives of the i-th element (Stokes index) of Iss with respect to τ∗sca,k, τabs,k, ω∗

k, the ij-th element
zk,i j of Z∗

k and the elements rs,i j of Rs can be calculated in an analytical manner,

∂ Iss

∂τ∗k
=

1
4πµv

{
ω

∗
k e−τ∗k /µ̃ e−τ

∗k−1
1 /µ̃ Z∗

kF0 −
NRT

∑
k′=k+1

ω
∗
k′

[
1− e−τ∗k′/µ̃

]
e−τ

∗k′−1
1 /µ̃ Z∗

k′F0

}
− µ0

πµ̃
e−τ∗/µ̃ RsF0 (85)

∂ Iss

∂ zk,i j
=

F0µ̃

4πµv
ω

∗
k

[
1− e−τ∗k /µ̃

]
e−τ

∗k−1
1 /µ̃

δ j1 (86)

∂ Iss

∂ω∗
k
=

µ̃

4πµv

[
1− e−τ∗k /µ̃

]
e−τ

∗k−1
1 /µ̃ Z∗

kF0 (87)

∂ Iss

∂ rs,i j
=

µ0F0

π
e−τ∗/µ̃

δ j1 (88)

where δ j1 is the Kronecker delta, and with the deduced derivatives

∂ Iss

∂τ∗sca,k
=

∂ Iss

∂τ∗k
+

1−ω∗
k

τ∗k

∂ Iss

∂ω∗
k

(89)

∂ Iss

∂τ∗abs,k
=

∂ Iss

∂τ∗k
−

ω∗
k

τ∗k

∂ Iss

∂ω∗
k
. (90)
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The computation of the multiply scattered radiation involves the solution of the plane-parallel radiative
transfer equation. For this purpose, we use the LINTRAN V2.0 model [82], which provides the TOA radiance
as well as its derivatives with respect to τabs,k, τsca,k β l

k(Eq. 43), for each layer k of the model atmosphere, as
well as surface reflectance parameters, using the forward adjoint perturbation theory. LINTRAN is described in
more detail in Appendix A.

Based on derivatives of the radiance with respect to the optical parameters τabs, τsca, and P or its expansion
coefficients β l

k , the derivatives with respect to a physical parameter x (i.e. an element of the state vector) can
be calculated in a straightforward manner by

∂ Iss

∂x
=

NRT

∑
k=1

[
∂ Iss

∂τsca,k

∂τsca,k

∂x
+

∂ Iss

∂τabs,k

∂τabs,k

∂x
+

∂ Iss

∂Pk

∂Pk

∂x

]
(91)

∂ Ims

∂x
=

NRT

∑
k=1

[
∂ Ims

∂τsca,k

∂τsca,k

∂x
+

∂ Ims

∂τabs,k

∂τabs,k

∂x
+

M

∑
l=0

∂ Iss

∂β l
k

∂β l
k

∂x

]
, (92)

with

∂τsca,k

∂x
=

∂τ∗sca,k

∂x
∂ f

∂τ∗sca,k
(93)

∂Pk

∂x
=

∂P∗
k

∂x
∂ f
∂P∗

k
(94)

2.1.6 Linear-k method for fine structure absorption bands

In order to avoid time consuming multiple scattering calculations on the line-by-line grid in fine-structure
absorption bands, we aim at reducing the number of spectral calculations, following the linear-k approach of
Hasekamp and Butz, 2008 [83]. For this purpose, we consider the intensity Ims as a function of total absorption
optical thickness τabs and its normalized vertical distribution n

Ims (λ ) = Ims (τabs (λ ) ,n(λ )) . (95)

For a vertically homogenous atmosphere, analogously one can consider the dependence on the absorption
coefficient k of the atmosphere and so explains the method name and its similarity with the k-distribution
approach and spectral mapping methods.

We assume that the atmospheric scattering properties and surface reflection properties are constant over
the spectral range under consideration. Element nk of the vector n represents the relative contribution of the
absorption optical thickness of altitude layer k of the model atmosphere to the total absorption optical thickness
of the atmosphere, such that

τabs,k (λ ) = nk (λ )τabs (λ ) . (96)

For a vertically homogeneous atmosphere, Ims becomes a smooth function of absorption optical thickness.
So only a limited number of calculations at preselected values of τabs are needed for interpolation (see e.g.
[84]). Finally, the radiances can be mapped back into wavelength space. For a non-homogeneous atmosphere,
one has to assume that the vertical distribution n(z) of τabs is independent of wavelength in the spectral interval
under consideration, which is the underlying assumption of the correlated k method [85]. For the simulation
of moderate- or high resolution spectra in the near- and shortwave infrared spectral ranges, this assumption
causes errors of several percent in reflectance spectra for realistic inhomogeneous terrestrial atmospheres
(see e.g. [86]).

Obviously, we need an efficient radiative transfer model that can account for the vertical distribution of
absorption optical thickness at different wavelengths. For this purpose, we consider the radiance as a function
of absorption optical thickness and perform calculations for a limited number interpolation points τ l

abs and
corresponding vertical distributions nl , with l = 1, · · · ,L. From the reference calculations Ims

(
τ l

abs,n
l
)
, we obtain

the multiply scattered intensity vector Ims (λ ) at any wavelength λ in the spectral range under consideration
with absorption optical thickness τabs (λ ) and its vertical distribution n(λ ) in two steps. First, we account for
differences between the actual vertical distribution n(λ ) and the vertical distributions nl used in the reference
calculations, by employing the linear approximation:

Ims(τ
l
abs,n(λ ))≈ Ims(τ

l
abs,n

l)+
∂ Ims

∂n

[
n(λ )−nl

]
, (97)
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where the derivatives with respect to n follow from the forward adjoint perturbation theory [87]. This yields
the intensity vector of the multiply scattered radiation at the grid points τ l

abs, corrected for the actual vertical
distribution. To obtain the intensity Ims at τabs (λ ), we fit a second order polynomial to the logarithm of the
(absorption profile corrected) radiances at the grid points, using the grid point closest to τabs (λ ) and the two
neighboring points. For Stokes parameters Q and U we perform the polynomial interpolation using stokes
fractions q = Q/I and u = U/I but further the procedure is the same. Finally we correct for variation of
scattering properties and surface albedo within the spectral window, applying a linear correction based on the
derivatives of the spectrum with respect to scattering properties.

For the numerical implementation, we choose the grid points equidistant on a logarithmic scale, i.e.:

τ
l
grid = τmin ·

(
τmax

τmin

) l−1
L−1

. (98)

where τmin and τmax are respectively the minimum and maximum absorption optical thickness in the spectral
window under consideration. If τmax > 15 its value is set to 15, because for larger values of the absorption
optical thickness the radiation field is dominated by single scattering (being calculated exactly) and hence
interpolation errors are of minor importance. The rationale of choosing a logarithmic scale is to obtain more grid
points at small values of absorption optical thickness, where multiple scattering effects are most important. We
use L = 10 grid points for each of the three bands, but this number can be updated during the commissioning
phase. For more information on the linear-k method we refer to [83].

2.1.7 Inversion Procedure

In the inversion procedure, we invert the linearized forward model of Eq. (3) for iteration step n to find the state
vector xn+1 for iteration step n+1. Hereto, we minimize the following cost function [88]:

xn+1 = min
x

(
[K x−y]T S−1

y [K x−y]
)
+
(
[x−xa]

T
γ

2H−1 [x−xa]
)
, (99)

which we transform to

x̃n+1 = min
x̃

(
[K̃ x̃− ỹ]T [K̃ x̃− ỹ]

)
+ γ

2 ([x̃− x̃a]
T [x̃− x̃a]

)
, (100)

where K̃ = S− 1
2

y KH
1
2 , x̃ = H− 1

2 x and ỹ = S− 1
2

y (y−F(xn)). xa is the a priori state vector, Sy is the measurement
error covariance matrix, γ is a regularization parameters, and H is a regularization matrix that ensures that
all state vector parameters range within the same order of magnitude and determine the relative weight of
parameters in the side constraint [29]. Note that if γ = 1 and H is the prior error covariance matrix, Eq. (99)
(and hence 100) reduce to the cost function of the optimal estimation method [89]. We use a diagonal matrix
for H with diagonal elements hii = w2

i .
The solution of Eq. (99) is given by:

x̃n+1 = x̃n +Λ(K̃T K̃+ γ
2I)−1(K̃T ỹ− γ

2(x̃n − x̃a)). (101)

Λ is a filter/damping factor between 0 and 1, which limits the step size for each iteration of the state vector. In
this way, we use a Gauss-Newton scheme with reduced step size to avoid diverging retrievals.

The error covariance matrix Sx of the retrieved state vector is given by

Sx = Sr +Se, (102)

where Sr is the regularization error covariance matrix which describes the effect of the a priori error covariance
matrix Sa on x,

Sr = (I−A) Sa (I−A)T, (103)

and Se is the retrieval error covariance matrix that describes the effect of measurement- and forward model
errors on x,

Se = D Sy DT , (104)

where D is the contribution- or gain matrix

D =
(
KT S−1

y K+ γ
2H−1)−1 KT S−1

y , (105)
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and A is the averaging kernel
A = D K (106)

The standard deviation στ on the AOD can be obtained from the retrieval error covariance matrix Sx via

στ =

√√√√ N

∑
i=1

N

∑
j=1

Si, j
∂τ

∂xi

∂τ

∂x j
(107)

where Si, j denotes element (i,j) of Sx. A similar expression holds for the SSA.
For trace gas columns, the column averaging kernel for gas j is given by

acol,k,j = dcol,j kk

NRT

∑
n=1

Nstd,n,j (108)

where k indicates layer index, kk =
∂F

∂Ngas,k, j
, and dcol,j is the row of D that corresponds to the scaling factor for

trace gas j. The final retrieval product for trace gases is the column averaged dry air mixing ratio

Xgas,j =
∑

NRT
k=1 Ngas,k, j

∑
NRT
k=1 Nair,k

(109)

which is related to the true vertical profile of gas j through

Xgas,j =
acol,j xtrue

∑
NRT
k=1 Nair,k

(110)

where xtrue is the vector containing the true sub-columns in the different vertical layers.

2.1.8 Choosing regularization parameter and step size

Within each iteration step, we compute x̃n+1 for different trial values for Λ (10 values between 0.1 and 1.0)

and γ2 (0.1, 1.3, 2.5, 3.8, 5.0) and compute the χ2
trial =

1
nmeas

∑
nmeas
i=1

(Fappr(xn)−yi)
2

Sy(i,i)
, where nmeas is the number of

elements in y and Fappr. Here, Fappr is given by:

Fappr(x) = Fms(xn)+
∂Fms

∂x
[x−xn]+Fss(x). (111)

Here, Fms is the forward model only taking multiple scattering into account, which has already been computed
for xn in the previous iteration step, and Fss is the forward model only taking into account single scattering,
which is calculated exactly for each trial Λ and γ2 using Eq. (83). We select the combination of Λ and γ2 that
results in the smallest χ2

trial to produce the state vector xn+1 for the next iteration step.

2.1.9 Checking for Convergence

For each iteration step n, we compute χ2 of the fit between forward model and measurement. Then we create
an array χ2

order of dimension n that contains all χ2
i values for i = 1, · · · ,n, ordered from smallest to largest value.

We consider the iteration to be converged if:

• |χ2
n −χ2

n−1|/χ2
n < 0.01 or |χ2

n −χ2
n−1|< 0.05.

• |χ2
order,1 −χ2

order,2|/χ2
order,1 < 0.01 or |χ2

order,1 −χ2
order,2|< 0.05.This criterion prevents the iteration to ’walk’

away from the minimum.

• The difference between any 2 elements of χ2
order, |χ2

order,i −χ2
order,i−1|< 0.01.This criterion prevents the

iteration to jump between 2 different χ2 values.

The maximum number of iteration steps is set to 10. The iteration step that produced the minimum χ2 is given
as the output of the retrieval.
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2.1.10 Look-up Table Retrieval to obtain 1st guess

The iterative retrieval starts with a 1st guess state vector x1. If x1 deviates too much from the truth the risk
exists that the iteration diverges or ends up in a local minimum. We use a Look-Up Table (LUT) retrieval
approach to obtain a reasonable 1st guess state vector. In the LUT-retrieval, we use a multi-mode aerosol
description with 10 log-normal modes (see above). The state vector xlut for the LUT retrieval contains as
aerosol parameters the mode aerosol column number Naer,i, i = 1, · · · ,10. Here, each Naer,i value corresponds
to an AOD value at given wavelength (for different wavelengths the AOD is obviously different). Further xlut
contains the same land surface or ocean parameters as the iterative retrieval. The forward model Flut for the
LUT retrieval uses tabulated values of Stokes parameters Ims,i,Qms,i,Ums,i of multiple scattered light, calculated
with the LINTRAN RT model for each aerosol mode i separately at discrete values of Naer,i, and the parameters
describing the surface reflection matrix Rs.

To obtain Flut(xlut) at a given wavelength λ with AODλ , we first (linearly) interpolate the tabulated values
of the the Stokes parameters Ims,node,Qms,node,Ums,node at the node points of the LUT to the actual values of
surface/ocean parameters in xlut and AODλ . Then we combine the Stokes parameters from the different size
modes using the approach of [90]:

Ems =
Nmode

∑
i=1

Ems,i
AODi,λ

AODλ

(112)

where E denotes either I, Q, or U , and AODi,λ denotes the AOD of mode i at wavelength λ . The single
scattering contribution to Flut is computed exactly using Eq. (83). Using the LUT based forward model Flut(xlut)
we find xlut by using the same inversion procedure as described in section 2.1.7, with the difference that the
approximate forward model of Eq. (111) is replaced by Flut.

In the LUT based forward model, molecular absorption is neglected so only spectral bands are selected with
very small contribution of molecular absorption. This means, the LUT retrieval is not suited for spectrometer-
only retrievals. In MAP+spectrometer retrievals the LUT retrievals is used to obtain a 1st guess for the aerosol
parameters. For spectrometer bands the surface parameter A from Eqs. 59 and 71 is obtained by

A1st,spec = Rcont(λcont)
π

u0
(113)

where Rcont(λcont) is the largest value in the spectrometer window under consideration, which is assumed to
represent the continuum reflectance value.

2.1.11 Nuisance

RemoTAP allows for fitting a spectral recalibration of the solar spectrum (δλs) for spectrometer bands. To
obtain the derivative of I in the line by line calculation with respect to δλs, we use the finite difference method
by applying a numerical perturbation of the line-by-line wavelength grid of the solar spectrum.

The shift in the Earth-shine radiance is retrieved through a perturbing the ISRF searth. Instead of fitting the
spectral shifts at each wavelength, we assume δλs and δλe to be spectral denpendent by a polynomial:

δλs,e =
Nsh

∑
0

shs,e
i (λ −λ0)

i (114)

In this way, we fit the polynomial coefficients shs,e
i for spectral shifts.

We also include intensity offset in the state vector, which is defined as constant over each spectrometer
band by Io f f .

2.2 Detailed algorithm setup

This section provides more detail on the different processing chains of RemoTAP.

2.2.1 Detailed Algorithm Setup MAP-only retrievals

2.2.2 State Vector Definition

For MAP-only retrievals, RemoTAP has the option the option to choose the multi-mode aerosol description,
ie.m the parametric 2-mode, or the parametric 3-mode aerosol description. The SPEXone-PACE L2 retrievals
are based on the parametric 3-mode setup. The corresponding state vector elements are given in Table4.
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Table 4: State vector elements, prior values, and corresponding values wi that define the diagonal regularization
matrix H by hii = w2

i , for the parametric 3-mode aerosol description. The superscript ci and cs denote ’coarse
insoluble’ and ’coarse soluble’, respectively. The subscript re and im denote real and imaginary refractive index
for a given species, respectively. The superscript land and ocean for some aerosol parameters means the
parameter and/or its prior value and wi are only used for land or ocean case, respectively. If wi = 0, indicated
by ∗, the corresponding parameters is fixed.

state vector ele-
ment

prior value wi min - max

Aerosol parameters

r f
eff 0.10 µm 0.05 µm 0.02 µm - 0.80 µm

v f
eff 0.20 0.05 0.01 - 0.80

N f 0.0001/σext 0.5/σext 0.001 - n/a
f f
sphere 0.95 0.1 0.0 - 1.0

α
f

inorg,re 1.0 0.1 such that 1.3 < mr < 1.69
α

f
bc,im 0.05land / 0.01ocean 0.02land / 0.05ocean 0.0 - 1.0land / 0.1ocean

α
f

oc,im 0.10land / 0.3ocean 0.1land/0.05ocean 0.0 - 1.0land / 0.3ocean

rci
eff 1.5 µm 0.8 µm 0.7 - 5.0 µm

vci
eff 0.60 0∗ n/a

Nci 0.0001/σext 0.5/σext 0.001 - n/a
f ci
sphere 0.0 0∗ n/a

αci
du,im 0.05 1.0 0-1

z f ,ci
aer 2 km 4 km -2 km - 10 km

rcs
eff 3.0 µm 0.80 µm 0.7 - 7.0 µm

vcs
eff 0.50 0.3 0.01 - 0.8

Ncs 0.0001/σext 0.5/σext 0.001 - n/a
f cs
sphere 1.0 0∗ n/a

αinorg,re 0.95land /0.90ocean 0.10 such that 1.3 < mr < 1.69
zcs

aer 2 km 4 km -2 km - 10 km

Option 1: Ross-Li-Snow land surface parameters

A(λi), i =
1, · · · ,Nband,map

0.05 0.50 0.0 - 1.0

kgeo 0.1 0.1 0.0 - 0.35
kvol 0.5 0.5 0.0 - 1.5
ksnow 0.0 0.2 0.0 - 1.0

Option 2: RPV land surface parameters

A(λi), i =
1, · · · ,Nband,map

0.05 0.50 0.0 - 1.0

g -0.09 0.5 -0.5 - 0.5
k 0.80 0.5 0.05 - 0.95

Land surface parameters (Maignan and in-land water)

B 1.0 1.0 0.2 - 10.0
ν 0.1 0.0∗ n/a
kwater 0.0 0.20 0.0-1.0
vwind 10.0 3.0 0.0-30.0

Ocean parameters

windspeed 7 m/s 5 m/s 0.1 m/s - 100 m/s
xchl 2.0 mg/m3 5 mg/m3 0 mg/m3 - 10 mg/m3
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A(λi), i =
1, · · · ,Nband,map

0.0 0.05 -0.2 - 0.2

2.2.3 Measurement vector definition

The measurement vector for MAP-only retrievals contains the reflectance RI = I/F0,meas, F0,meas being the
model solar flux perpendicular to the solar beam, and the Degree of Linear Polarization (DoLP) at multiple
wavelengths (to be specified in the initialization file), and for the different viewing angles provided by the MAP.
The number of wavelengths can be different for RI on the one hand and DoLP on the other hand. As an
alternative for using DoLP, the code also works with relative Stokes parameters q and u in the measurement
vector. This would also use potential information present in the Angle of Linear Polarization but may have the
disadvantage of having larger measurement uncertainties. Based on evaluation on synthetic measurements
and real measurements, we chose as the current baseline to use DoLP. For the wavelength bands, we use
as current baseline all wavelengths from 407-707 nm and over land additionaly 748nm (only radiance for this
band).

2.2.4 Algorithm flow

The MAP-only processing chain requires the level 1C data and the pre-processor data as input. A schematic
overview of the MAP-only retrieval is given in Fig. 2 where the software is thread-safe and so appropriate for
parallelization. Numerical tests were performed using the openMP and openMPI application. For each L1C
ground pixel, the observation is checked for clouds and only cloud-free pixels are being further processed.
Subsequently, the first guess retrieval and iterative retrieval are being performed. Finally, the results are
returned to the calling framework and all dynamic memory is deallocated.

The iterative retrieval procedure is outlined in more detail in Fig. 3. The iterative retrieval starts with the
1st guess state vector that comes from the LUT retrieval. In the iteration scheme, the forward model and
inversion procedures are called for each iteration step till convergence has been reached. The forward model
and inversion are shown in more detail in Figs. 4 and 5.

2.2.5 Cloud filtering

For SPEXone/PACE retrievals, we perform an a priori and an a posteriori cloud filtering. The a priori cloud
filtering is based on a Neural Network (NN) retrieval of cloud fraction [91].

The training of the NNs in this work uses synthetic measurements created with the RemoTAP forward
model, simulating (sun-normalized) radiance and Degree of Linear Polariztion (DoLP) measurements for the
SPEXone spectral bands. Separate training sets are created for retrievals over land and ocean, respectively.
The aerosol and land/ocean properties are randomly varied in the training set according to Table 4. Liquid
clouds are described by spherical particles with a gamma size distribution, with the refractive index of water.
For ice clouds, hexagonal crystals with varying aspect ratios and surface distortions are used as proxies for
ice crystals with variable complex shapes [92]. Uniform distributions for liquid/ice cloud effective radius are
used in order to make sure that the NN has equal sensitivity to clouds with both small and large particles. The
cloud properties are taken from a random distribution. To roughly represent the true cloud fraction distribution
and also to emphasize small cloud fractions (which matters for cloud masking), 40% of cloud fractions are
generated between 0.2 and 1, 20% are between 0 and 0.2, and 20% completely clear and 20% completely
cloudy pixels are also included in the data set. The combination of solar zenith angles, viewing zenith angles,
and relative azimuth angles is randomly picked from simulated SPEXone/PACE orbits for the year 2024.

We consider all pixels with retrieved cloud-fraction larger than 0.05 as cloudy. For the remaining pixels we
start the RemoTAP aerosol retrievals and pixels that still contain some small fractions of clouds should be
filtered out by the a posteriori cloud filter. Our a posteriori cloud filtering is based on the χ2 difference between
forward model and measurement. Using POLDER-3 data [40], we found that this is an effective way to screen
out clouds. MAP measurements have a unique capability to distinguish between scattering by (liquid) cloud
droplets and aerosol particles and therefore, if a L1C grid cell is cloud contaminated, the forward model will
not be able to reproduce the measurement, resulting in a large χ2. The final threshold of the χ2 has to be
determined based on real measurements. For initial analysis of SPEXone retrievals, we found χ2=5 is an
appropriate threshold.
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Figure 2: Schematic overview of the general retrieval procedure of MAP-only retrievals. The iterative retrieval
is further detailed in Fig. 3.

3 Performance Analysis MAP retrievals

We investigated the performance of MAP retrievals based on synthetic measurements created for the SPEXone
instrument [1]. We use measurements of radiance and DoLP at 37 wavelengths between 385 and 770 nm (see
Table 5) and at 5 viewing angles. This section shows the performance for parametric 3-mode retrievals.

Here, we use a simplified error model that assumes the total error on reflectance and Degree of Linear
Polarization (DoLP) can be described as a random error with a magnitude that corresponds to the instrument
accuracy requirements: 2% on reflectance I/F0 and 0.003 on DoLP. We simulate 4 days of synthetic mea-
surements, each day consisting of 14 orbits of which the location (latitude, longitude) and geometry (solar
zenith angle, viewing zenith angles, relative azimuth angles) are obtained from the SPEXone orbit simulator.
We use MODIS cloud data of the year 2006 to simulate a realistic cloud mask and only retrievals are being
performed for cloud free pixels. The atmospheric and surface properties needed to simulate the measurements
are described below.
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Table 5: MAP wavelength bands used in the retrieval from synthetic measurements.

band central wavelength (nm) FWHM (nm)

1 385.0 11.0

2 390.5 11.2

3 396.0 11.3

4 401.7 11.5

5 407.4 11.6

6 413.2 11.8

7 419.1 12.0

8 425.1 12.1

9 431.1 12.3

10 437.3 12.5

11 443.5 12.7

12 449.8 12.9

13 456.2 13.0

14 462.7 13.2

15 469.3 13.4

16 476.0 13.6

17 482.8 13.8

18 489.7 14.0

19 496.6 14.2

20 503.7 14.4

21 510.9 14.6

22 518.2 14.8

23 525.6 15.0

24 533.0 15.2

25 540.6 15.4

26 548.3 15.6

27 556.1 15.8

28 564.1 16.0

29 572.1 16.3

30 580.3 16.6

31 588.5 16.9

32 596.9 17.2

33 614.0 17.5

34 631.7 18.0

35 668.4 19.1

36 678.0 19.4

37 770.0 22.0



Algorithm Theoretical Baseline Document for SPEXone/PACE RemoTAP
Aerosol Processing
issue 1.1, 2024-06-03 – First Release

SRON-ESG-RP-2024-005
Page 24 of 39

Figure 3: Flow chart of the iterative retrieval procedure. The forward model is further detailed in Fig. 4 and the
inversion procedure in Fig. 5.

3.1 Ensemble Description

3.1.1 Aerosol Properties

We take the microphysical aerosol properties of our synthetic ensemble from the ECHAM-HAM model [93].
ECHAM-HAM provides mass-mixing ratio in different vertical layers of the atmosphere of different aerosol
species (Sulfate, Organic Carbon, Black Carbon, Dust, Sea Salt) in seven different size modes: Nucleation
Soluble (NS), Aitken Soluble (KS), Accumulation Soluble (AS), Coarse Soluble (CS), Aitken Insoluble (KI),
Accumulation Insoluble (AI), Coarse Insoluble (CI). Using the airmass in each model layer, we compute total
mass in each layer per species per mode, which is translated into total volume in each layer per species per
mode using the specific density per species. Also, for each layer the sub-column number of aerosol particles
and the volume of aerosol water is provided. We sum up the different layers to obtain per mode the total
column volume per species (including water), as well as the column number per mode. From the total volume
V (all species together) and column number per mode N, we compute the mode radius under the assumption
of a log-normal mode description (Eq. 50):

rg =

(
3V

4πN
e−

9ln2 σg
2

) 1
3

, (115)

with σg = 1.59 for modes NS, KS, AS, KI, AI, and σg = 2.0 for modes CS and CI. The refractive index for each
mode is obtained using a volume weighted mean of the refractive index of each species. We take the altitude
of the layer with maximum sub-column number as the aerosol Layer Height for that mode and further assume a
Gaussian altitude distribution (Eq. 54) with w0 = 2.0km per mode. The Gaussian altitude distribution is chosen
because it is needed as input of out forward model. ECHAM-HAM does not provide information on the shape
of particles. Here, we assume that Dust is purely non-spherical and hence take the fraction of non-spherical
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Figure 4: Flow chart of the forward model used in the iterative retrieval.
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Figure 5: Flow chart of the inversion procedure used in the iterative retrieval.
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Figure 6: AOD (upper left) and SSA(upper right), fine mode refractive index (lower left) and Black Carbon
volume fraction in mode AS (lower right) from one day of the ensemble.

particles as the volume fraction of Dust.
The AOD of the ECHAM-HAM ensemble is severely underestimated compared to POLDER-3 satellite

retrievals. Therefore, we scaled the column number of all fine and coarse modes such that they agree with the
fine- and coarse mode AOD as retrieved from POLDER-3 [4].

The aerosol description in the synthetic ensemble differs substantially from the aerosol description used in
the retrieval (which is the parametric 3-mode description in this case) see section 2.2.1). Namely, the number of
modes as well as the effective radius/variance differs from what is assumed in the retrieval and in the synthetic
ensemble each mode hase it’s own refractive index. Further, in the synthetic ensemble, each mode has its
own vertical profile whereas in the retrieval only distinction is made between vertical profiles in the fine and
coarse mode, respectively. This makes the ensemble suitable to test performance and robustness against
assumptions in the state vector definition.

3.1.2 Surface Properties

We use the directional parameters (kgeo,kvol of the Ross-Li model (59) from MODIS and the spectral dependent
scaling parameter A from GOME-2. Further, the surface polarization parameter Bpol in Eq. 73 is taken from
POLDER-3 retrievals. For synthetic measurements over ocean, we use the chlorophyll-a concentration xchl
from MODIS and the wind-speed from NCEP meteorological data.

3.2 Results

Figure 7 shows the performance of the MAP-only retrieval algorithm for AOD, SSA, r f
eff, and mr. for retrievals

over ocean and Fig. 8 for retrievals over land. Here, the retrieved r f
eff are compared against the volume-weighted

average of modes NS, KS, AS, KI, AI from ECHAM-HAM and for and mr the volume-weighted retrieved values
for the 3 modes are compared against the volume weigthed value of all modes from ECHAM-HAM.

We show both scatter-plots of retrieved versus true values as well as for the given state vector parameters
the distrubution of (xi,ret − xi,true)/σi, where σi is the standard deviation that follows for the state vector error
covariance matrix of Eq. (102). If Eq. (102) would correctly describe the ’true’ uncertainties in the retrieved
aerosol parameters, then the distribution of (xi,ret − xi,true)/σi is given by a Gaussian with a mean value of 0
and a Full Width at Half Maximum (FWHM) of 2. Here, xi,ret is the i-th element of the retrieved state vector,
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xi,true is the corresponding true value. For retrievals over ocean, the Mean Absolute Error (MAE) is 0.007 for
AOD, 0.011 for SSA, 0.016 for r f

eff, and 0.017 for mr. For retrievals over land, the MAE is 0.032 for AOD, 0.024
for SSA, 0.02µm for r f

eff, and 0.028 for mr. From the histogram plots, we conclude that Eq. (102) provides
a reasonable estimate of the retrieval uncertainty, although for reff and mr the uncertainty seems somewhat
underestimated. This might also be caused by the fact that these properties are not defined in exactly the
same manner for SPEXone retrievals and ECHAM-HAM. Further, the estimated uncertainties per definition do
not describe a retrieval bias.

4 Feasibility

The here proposed algorithm has strong heritage in application to POLDER-3/PARASOL satellite measurements
[29, 40, 41, 4, 30, 16], airborne measurements of the Reasearch Scanning Polarimeter [44, 45, 46], SPEX
aiborne [47, 48], airMSPI [47]. It has proven to run stable on large data sets, both for real and synthetic
measurements, at the SRON internal computer clusters as well as on the Cartesius supercomputer of the NL
Surfsara computing facility.

Table 6 provides an overview of the computational needs for MAP retrievals over land, over ocean, and
spectrometer-only retrievals. For MAP retrievals, we use the setup applicable to SPEXone measurements
(MAP-only), with 5 viewing angles and 37 spectral bands (see Sec. 3). For spectrometer-only retrievals we use
the CO2M setup.

The overall computation time for MAP retrievals is 5.6/6.7 seconds per pixel per thread for retrievals over
land/ocean. The memory need is 5Gb per node.

The overall computation time for spectrometer-only retrievals is 11 seconds per pixel per thread and the
memory need is 8Gb per node. Here, the forward model takes 5.7 seconds, the fit procedure 4.1 seconds
and 1.2 seconds for the computation of absorption cross-section at the actual pressure and temperature grid
(from the tabulated values).

Appendices

A Appendix A: LINTRAN V2.0

To calculate the multiple scattering radiance field at the spectral grid points of the k-binning approach, we
employ the scalar version of the LINTRAN radiative transfer model. The model is already described in the
literature [82] and its latest version 2.0 is already used for the operational processing of the S5P methane data
product. Therefore, we restrict our discussion to the basic features of this model. LINTRAN solves the scalar
transport equation in an atmosphere that is illuminated by a radiation source S. In its forward formulation, the
transport equation is written as

L̂◦ I = S0, (116)

where I denotes the monochromatic intensity field. The forward transport operator L̂ comprises an operator
to describe extinction L̂e and a scattering operator L̂s to account for all scattering events including surface
reflection at the bottom boundary of the atmosphere [94, 95].

L̂ = L̂e − L̂s (117)

with

L̂e =

[
µ

δ

δ z
+βe (z)

]
(118)

and

L̂s =
∫

4π

dΩ̃ΩΩ

{
βs (z)

4π
P
(
z,Ω̃ΩΩ,ΩΩΩ

)
+ ρ

(
Ω̃ΩΩ,ΩΩΩ

)
δ (z)Θ(µ) |µ|Θ(−µ̃) |µ̃|

}
. (119)

Here z denotes the vertical coordinate running from the surface to the top of the atmosphere, ΩΩΩ is the solid
angle determined by the relative azimuth angle ϕ and the cosine of the zenith angle µ (µ < 0 for downward
directions, µ > 0 for upward directions) and βe and βs represent the extinction and scattering coefficients,
respectively. P denotes the phase function and ρ represents the bidirectional reflection function (BDRF) that
characterizes the surface reflection. δ and Θ represent the Dirac delta function and the Heaviside step function,
respectively.
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Figure 7: Scatterplot of retrieved versus truth (left plots) and histograms of differences, normalized by
estimated uncertainty (right plots) for the following aerosol properties (from top to bottom): AOD, SSA, fine-
mode-effective-radius, fine-mode-refractive index. The dotted line is a Gaussian function with mean=0 and
FWHM=2. Retrievals over ocean.
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Figure 8: Scatterplot of retrieved versus truth (left plots) and histograms of differences, normalized by estimated
uncertainty (right plots) for the following aerosol properties (from top to bottom): AOD, SSA, fine-mode-effective-
radius, fine-mode-refractive index. Retrievals over ocean.
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Table 6: Computational needs for MAP retrievals over land, over ocean, and spectrometer-only retrievals

code part computation time sec/pix/thread memory
need Gb

MAP retrievals over land
Forward model 3.7 n/a

Fit procedure 1.0 n/a

Absorption
cross sections

0.5 n/a

First guess re-
trieval

0.4 n/a

Total 5.6 5
MAP retrievals over ocean
Forward model 4.2 n/a

Fit procedure 1.1 n/a

Absorption
cross sections

0.5 n/a

First guess re-
trieval

0.9 n/a

Total 6.7 5
Spectrometer-only retrievals
Forward model 5.7 n/a

Fit procedure 4.1 n/a

Absorption
cross sections

1.2 n/a

Total 11 8

The source term on the right-hand side of Eq. (116) is the unidirectional solar source S0, incident at the top
of the atmosphere,

S0 = u0δ (z− zTOA)δ (ΩΩΩ−ΩΩΩ0)F0, (120)

Here F0 denotes a monochromatic solar flux of a certain wavelength incident on the top of the atmosphere
(TOA) at zTOA, along solid angle ΩΩΩ0 = (−u0,ϕ0) (with u0 > 0 by definition ).

Solving the transport equation produces the entire intensity field, although in the context of satellite remote
sensing one is generally interested in simulating a certain observation. Any observable or radiative effect that
is a linear function of the intensity field I can be described by a suitable response function R [96, 97] through
an inner product:

F = ⟨R,I⟩. (121)

Here, the inner product of two arbitrary functions a and b is defined as

⟨a,b⟩=
∫

dz
∫

dΩΩΩ a(z,ΩΩΩ)b(z,ΩΩΩ) . (122)

Considering a downward viewing instrument measuring intensity at the top of the atmosphere in viewing
direction ΩΩΩv, the response function is given by

R(z,ΩΩΩ) =
1
F0

δ (ΩΩΩ−ΩΩΩv)δ (z− zTOA) . (123)

The discussion above gives the theoretical framework for the forward-adjoint approach, which is used to
linearize the multiple scattering simulations with respect to the optical properties of the model atmosphere. To
solve the radiative transfer equation numerically, we separate first and second order scattering from higher
scattering orders in the solution of Eq. (116). The lower order of scattering radiance field can be solved
analytically, whereas the simulation of higher order of scattering requires a numerical approach.
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Finite orders of scattering are calculated analytically using the separation between L̂e and L̂s in Eq. (117)
as shown in Schepers et al.(2014) [80]. Here, the order of scattering is defined as follows. The source of
Eq. (116) has scattering order zero. Solving the radiative transfer equation without L̂s results in I with the same
order of scattering as S, thus

L̂e ◦ In = Sn (124)

Here, the subscript n is the order of scattering. Solving the full radiative transfer equation results in I with at
least the same order of scattering as S, or (

L̂e − L̂s
)
◦ In+ = Sn (125)

where for n = 0, I0+ = I and it will be exactly Eq. (116). Combining Eqs. (124) and (125) gives.

L̂e ◦ I(n+1)+ = L̂s ◦ In+ (126)

If this is true for any n, we can conclude.
L̂e ◦ In+1 = L̂s ◦ In (127)

And substituting the left hand side with Eq.( 124) for n+1 gives

L̂s ◦ In = Sn+1 (128)

Using Eqs.( 124), (128) and (121), any finite order of scattering can be solved analytically.

Fn = ⟨R,
(
L̂−1

e L̂s
)n L̂−1

e S0⟩ (129)

Here, L̂−1
e is the transmission operator and can be defined analytically. Derivatives of Fn with respect to any

optical properties affecting L̂e or L̂s can be obtained by straight forward differentiation.
Higher order of scattering are calculated by solving Eq.( 125) numerically. An essential step towards the

solution is the stream approximation, where we approximate the zenith angle dependence of the radiance field
by available streams along Gaussian quadrature point. The accuracy of this approximation is governed by the
order of the Gaussian quadrature. Finally, the integro-differential equation can be converted to a block-diagonal
matrix equation assuming a linear radiance field within the model layer. This assumption means a rough
estimate for optically thick media, and errors introduced by this approximation can be mitigated by chopping
model layers in a number of optically thin sub-layers. Here, the degree of layer splitting depends on the optical
properties of the layer and can be controlled by external setting parameters. The multi-scattering observable
becomes.

Fn+ = ⟨R,In+⟩ (130)

Similarly to how orders of scattering can be included in the source Sn, orders of scattering can be included in
the response function as well. The most efficient way to calculate high order of scattering is to split the orders
as evenly as possible between R and S. As single and double scattering were solved analytically, the high order
scattering includes third and higher orders. This is done by using S2 and R1.

To linearize F with respect to atmospheric and surface parameters, we come back to the operator
formulation of atmospheric radiative transfer and employ the forward-adjoint perturbation theory (e.g. [96, 97]).
We will drop any order of scattering subscripts to simplify the equations. First, we introduce the adjoint intensity
field I† defined by the adjoint transport equation taking the response function as the adjoint source, namely

L̂† ◦ I† = R (131)

Here L̂† represents the adjoint radiative transfer operator [97, 94, 95]. Within the forward-adjoint perturbation
theory, the adjoint intensity field represents the importance of sources within the atmosphere for a given
observation F [98, 99]. This follows from the definition of the adjoint operator L̂† with

F = ⟨R,I⟩= ⟨L̂† ◦ I†,I⟩= ⟨I†, L̂◦ I⟩= ⟨I†,S⟩ (132)

The third equal sign uses the definition of an adjoint operator and the other equal signs use Eqs. (121), (131)
and (116).

For the forward and adjoint intensity fields and the associated source and response functions, the derivative
of the observable with respect to an atmospheric parameter x reads [100, 94]

∂F

∂x
=−⟨I†, L̂′I⟩+ ⟨I†,S′⟩+ ⟨R′,I⟩, (133)
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where L̂′ denotes the derivative of the transport operator with respect to x, i.e.

L̂′ = lim
∆x→0

∆L̂
∆x

(134)

and S′ and R′ denote derivatives of the source and response functions, respectively.
Analytical expressions for L̂′ concerning the derivative with respect to absorption and scattering coefficients,

phase function and BDRF parameters have previously been derived (e.g. [101, 79, 95]). Summarizing the use
of the foward-adjoint perturbation theory for the linearization of our problem is justified by the fact that the inner
product in Eq. (133) can be calculated in a straight forward manner, which provides the derivatives of F with
respect to the optical parameters τabs,k, τsca,k α l

k, and A using only two radiative transfer solutions, the forward
and the adjoint intensity field I and I†. This represents a significant numerical advantage with respect to a
numerical scheme based on a finite difference of the forward model.
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